A family of quintic cyclic fields with even class number parameterized by rational points on an elliptic curve  by Nakano, Shin
Journal of Number Theory 129 (2009) 2943–2951Contents lists available at ScienceDirect
Journal of Number Theory
www.elsevier.com/locate/jnt
A family of quintic cyclic ﬁelds with even class number
parameterized by rational points on an elliptic curve
Shin Nakano
Department of Mathematics, Gakushuin University, Mejiro, Toshima-ku, Tokyo 171-8588, Japan
a r t i c l e i n f o a b s t r a c t
Article history:
Received 14 December 2008
Available online 1 July 2009
Communicated by David Goss
MSC:
11R29
11R20
11G05
Keywords:
Class number
Quintic cyclic ﬁelds
Elliptic curves
We give a family of quintic cyclic ﬁelds with even class number
parametrized by rational points on an elliptic curve associated with
Emma Lehmer’s quintic polynomial. Further, we use the arithmetic
of elliptic curves and the Chebotarev density theorem to show that
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0. Introduction
Nagell [8] proved in 1922 that there exist inﬁnitely many imaginary quadratic ﬁelds with class
number divisible by any given integer greater than 1. In the 1970’s, the analogue for real quadratic
ﬁelds was shown by Yamamoto [16] and Weinberger [15], and also for cubic cyclic ﬁelds by
Uchida [13]. These results were extended to number ﬁelds of arbitrary degree by Azuhata and
Ichimura [1] and Nakano [9] in the 1980’s. It doesn’t seem that the number ﬁelds they constructed
are Galois. On the other hand, the results of the class number divisibility for quadratic and cubic
ﬁelds mentioned above should be generalized to Galois or cyclic number ﬁelds of arbitrary degree. To
search the ideal class group of a cyclic number ﬁeld, one may apply the genus theoretical method.
However it discloses nothing but the p-part of the class group for a prime p dividing the extension
degree. So, our interest is the class number divisibility by an integer prime to the extension degree.
E-mail address: shin@math.gakushuin.ac.jp.0022-314X/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2009.04.016
2944 S. Nakano / Journal of Number Theory 129 (2009) 2943–2951In this paper, we will investigate the class numbers of the quintic cyclic ﬁelds. We prove the
following
Theorem. There exist inﬁnitely many quintic cyclic ﬁelds with even class number.
The 2-rank of the ideal class group of a quintic cyclic ﬁeld is a multiple of 4, by Masley’s structure
theorem for the ideal class groups of cyclic number ﬁelds ([7], and also [14, Ch. 10]). Thus the next
corollary is obtained.
Corollary. There exist inﬁnitely many quintic cyclic ﬁelds whose ideal class group has 2-rank at least 4.
To construct quintic cyclic ﬁelds, we make use the polynomial f (T , X) introduced by Emma
Lehmer [6] (see Section 1 for the deﬁnition). We will in fact construct quintic cyclic ﬁelds each having
an unramiﬁed quadratic extension. Very roughly speaking, such quintic ﬁelds can be constructed from
suitably chosen solutions of the diophantine equation U2 = f (T , X). In Section 1 we will consider this
equation as an elliptic surface. We pick up an elliptic curve over Q in its ﬁbers, and deﬁne a family
of quintic cyclic ﬁelds parameterized by rational points on this elliptic curve. In Section 2 we will
minutely make sure of the unramiﬁedness at every primes for the quadratic extensions. In Section 3
we will use the Chebotarev density theorem to show that the family contains certainly inﬁnitely many
quintic cyclic ﬁelds we want.
The various tools of algebraic number theory and elliptic curve arithmetic are used, but our proof
is elementary and classical.
1. Preliminaries
Emma Lehmer [6] introduced the polynomial
f (T , X) = X5 + T 2X4 − 2(T 3 + 3T 2 + 5T + 5)X3 + (T 4 + 5T 3 + 11T 2 + 15T + 5)X2
+ (T 3 + 4T 2 + 10T + 10)X + 1,
which deﬁnes a cyclic extension of degree 5 over the rational function ﬁeld Q(T ). Let t be a rational
number. When the quintic polynomial f (t, X) is irreducible over Q, letting θt be a root of f (t, X)
and Kt = Q(θt), we have a quintic cyclic extension Kt/Q. We see that f (t, X) is always irreducible
for every t ∈ Z by reduction modulo 2 as noted in [11]. After the research by Emma Lehmer herself,
there are several studies on the quintic polynomial f (t, X) or the quintic cyclic ﬁelds Kt , where t
runs over Z (see, e.g., [3–5,11,12]). In our article, we must treat f (t, X) for t ∈ Q generally because
the parameter t runs over coordinates of rational points on the elliptic curve E/Q deﬁned below.
Applying Faltings’ theorem, we can prove that f (t, X) is irreducible over Q for all but ﬁnitely many
rational numbers t . However this fact isn’t needed in the present paper.
Now, substituting T + a for X , we have
f (T , T + a) = (a − 1)(a − 2)T 4 + (2a3 − 3a2 − 7a + 9)T 3 + (a4 + 4a3 − 19a2 + 4a + 15)T 2
+ 5(a4 − 2a3 − 3a2 + 4a+ 2)T + (a5 − 10a3 + 5a2 + 10a + 1).
Thus we obtain the elliptic curve U2 = f (T , T +a) over Q(a) that has a rational point (T ,U ) = (−a,1).
This means that the surface
E : U2 = f (T , X)
can be regarded as the elliptic surface with the elliptic ﬁbration given by
E −→ P1, (X, T ,U ) −→ a = X − T .
S. Nakano / Journal of Number Theory 129 (2009) 2943–2951 2945Choose the ﬁber at a = 1. Then we get the simplest elliptic curve over Q
E: U2 = T 3 + 5T 2 + 10T + 7,
with discriminant −368, which is isomorphic to the curve named 368e1 in Cremona’s Elliptic Curve
Data [2]. The Mordell–Weil group E(Q) has rank 1 and no torsion. In fact, E(Q) is generated by P =
(−1,1), that is,
E(Q) = 〈P 〉 ∼= Z.
Let O be the point at inﬁnity of E . Then we have
f (t, t + 1) = u2
for any rational point (t,u) ∈ E(Q) different from O .
One may take a = 2 to eliminate the quartic term in f (T , T + a). In this case, we obtain the ﬁber
U2 = −(T 3 + 5T 2 + 10T + 7)
that is the twist of E/Q corresponding to −1 (mod Q×2). But this curve being isomorphic to 92a1
in Cremona’s tables is not useful to our purpose because the rank of the Mordell–Weil group over Q
is 0. A reason why we adopt E is that E(Q) is inﬁnite as mentioned above.
For each n ∈ Z, we denote by [n] the multiplication-by-n map on E , i.e. if n > 0 then
[n] : E −→ E, Q −→ [n]Q = Q + · · · + Q︸ ︷︷ ︸
n
.
We now state the following theorem which plays an important role in the present paper.
Theorem 1. If (t,u) ∈ E(Q) − [2]E(Q), then f (t, X) is irreducible over Q and the extension
Kt
(√
θt(θt − t − 1)
)
/Kt
is unramiﬁed everywhere.
Note that the set of rational points
E(Q) − [2]E(Q) = {[n]P ∣∣ n ∈ Z, n is odd}
is inﬁnite, by the structure of E(Q) explained above. However we cannot immediately deduce from
this fact the inﬁniteness of the collection of Kt ’s. Besides, Theorem 1 does not guarantee that
Kt(
√
θt(θt − t − 1) ) is quadratic over Kt , that is, θt(θt − t − 1) /∈ K×2t . The next theorem gives an
answer to them.
Theorem 2. The set of quintic cyclic ﬁelds
{
Kt
∣∣ (t,u) ∈ E(Q) − [2]E(Q) and θt(θt − t − 1) /∈ K×2t }
is inﬁnite.
Combining the above two theorems, we attain the aim of the present paper. We will give the
proofs of them in the following sections.
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Let K be a number ﬁeld of ﬁnite degree and p a ﬁnite or inﬁnite prime of K . When p is ﬁnite, i.e.
a prime ideal, we denote by vp the normalized p-adic valuation. It is well known that the extension
K (
√
α )/K is unramiﬁed at p for α ∈ K× if
• (case p  2∞) vp(α) ≡ 0 (mod 2),
• (case p | 2) vp(α) = 0 and the congruence x2 ≡ α (mod 4) is solvable in K× ,
• (case p | ∞) σp(α) > 0 for the embedding σp : K → R corresponding to p, when p is real.
In this section we shall check these conditions for α = θt(θt − t − 1) in Kt to prove Theorem 1. It
is convenient to denote by Eirr(Q) the set of all points (t,u) ∈ E(Q) such that f (t, X) is irreducible
over Q. We will know that E(Q) − [2]E(Q) ⊂ Eirr(Q) at the end of this section.
Proposition 1. Let (t,u) ∈ Eirr(Q). Then for any prime ideal p of Kt ,
vp(θt) ≡ vp(θt − t − 1) ≡ 0 (mod 2).
Proof. Let p be a prime ideal of Kt and p the rational prime contained in p.
We ﬁrst give the proof in the case that p does not divide the denominator of t . Since f (t, X) is a
monic polynomial in Zp[X] with constant term 1, we see that θt is a p-adic unit, so vp(θt) = 0. To
show that vp(θt − t − 1) is even, we may assume that vp(θt − t − 1) > 0, i.e. θt ≡ t + 1 (mod p). From
the relation f (t, t + 1) = u2, there is a polynomial g(X) ∈ Zp[X] satisfying
f (t, X) = (X − t − 1)g(X) + u2,
thus
(θt − t − 1)g(θt) = −u2.
We now claim that g(θt) ≡ 0 (mod p) which implies
vp(θt − t − 1) = vp
(
(θt − t − 1)g(θt)
)= vp(u2)≡ 0 (mod 2)
as desired. Let f X (T , X) be the partial derivative of f (T , X) with respect to X . Apply the Euclidean
algorithm to
f (T , T + 1) = T 3 + 5T 2 + 10T + 7
and
f X (T , T + 1) = −
(
T 4 + 7T 3 + 18T 2 + 20T + 5)
as polynomials in T . Then we obtain the identity
f (T , T + 1)(T 3 + 6T 2 + 10T + 3)+ f X (T , T + 1)(T + 2)2 = 1.
Therefore the claim is proved by the congruences
f (t, t + 1) ≡ f (t, θt) = 0 (mod p)
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and
f X (t, t + 1) = g(t + 1) ≡ g(θt) (mod p).
Next, suppose that the denominator of t is divisible by p. In this case, we can infer all possible
values of vp(θt) from the p-adic Newton polygon of f (t, X). (Cf. [10] in which Pacelli applied Newton
polygons to search the behavior of the inﬁnite primes of function ﬁelds.) Let
ν = −vp(t) = vp(the denominator of t).
Denote by c0, . . . , c5 the coeﬃcients of f (t, X) numbered the way
f (t, X) = c0X5 + c1X4 + c2X3 + c3X2 + c4X + c5.
Then
vp(c0) = vp(1) = 0,
vp(c1) = vp
(
t2
)= −2ν,
vp(c2) = vp
(
2
(
t3 + 3t2 + 5t + 5))=
{−3ν + 1 (p = 2),
−3ν (p = 2),
vp(c3) = vp
(
t4 + 5t3 + 11t2 + 15t + 5)= −4ν,
vp(c4) = vp
(
t3 + 4t2 + 10t + 10)= −3ν,
vp(c5) = vp(1) = 0.
We plot points (i, vp(ci)) (i = 0, . . . ,5) on the xy-plane to draw the p-adic Newton polygon of f (t, X),
which then has just four line segments with slopes −2ν , −ν , ν and 3ν (see Fig. 1). It follows that p
splits completely in Kt , and vp(θt) is equal to one of the slopes;
vp(θt) = −2ν, −ν, ν or 3ν.
Here it should be noted that ν must be even because the denominator of the T -coordinate of a
rational point on E(Q) is a perfect square. Hence vp(θt) is even. Similarly, to estimate vp(θt − t − 1),
we may use the polynomial
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− (t4 + 7t3 + 18t2 + 20t + 5)X + (t3 + 5t2 + 10t + 7)
possessing the root θt − t − 1. Drawing its p-adic Newton polygon, we obtain
vp(θt − t − 1) = −2ν, −ν, 0 or ν
which shows that vp(θt − t − 1) is also even. 
In the same manner, one can also verify that vp(θt − t − 2) ≡ 0 (mod 2) for any prime ideal p
of Kt whenever (t,u) ∈ Eirr(Q), by using the relation f (t, t + 2) = −u2. Therefore the extension
Kt(
√
θt,
√
θt − t − 1,
√
θt − t − 2 )
over Kt is unramiﬁed at the primes of Kt above every rational prime p such as 2 < p < ∞. We search
the sign variations of θt , θt − t − 1 and θt − t − 2 for a totally positive element to get at the following
proposition. In the result, the element θt − t − 2 is unnecessary for our proof.
Proposition 2. For any (t,u) ∈ Eirr(Q), θt(θt − t − 1) is totally positive.
Proof. We ﬁrst note that the polynomial T 3 + 5T 2 + 10T + 7 has only one real root, and it is greater
than −3/2, consequently t > −3/2. Let αi be the roots of f (t, X) in R sorted into ascending order
α1 < α2 < α3 < α4 < α5.
We shall show that the both of 0 and t+1 lie in the interval (α3,α4). The desired result follows from
this at once.
Now, viewing the graph of Y = f (t, X) on the XY -plane, one knows that the roots β j of the
derivative f X (t, X) are also all real and arranged as
α1 < β1 < α2 < β2 < α3 < β3 < α4 < β4 < α5.
Since f (t,0) = 1> 0 and f (t, t + 2) = −u2 < 0 besides t + 2 > 0, we see that
α1 < 0 < α2 or α3 < 0< α4.
Assume that α1 < 0 < α2. We now compute
f X (t,0) = t3 + 4t2 + 10t + 10 = (t + 1)2(t + 2) + 5t + 8 5t + 8> 0,
as t > −3/2. This yields α1 < 0 < β1, which contradicts
β1 + β2 + β3 + β4 = −4
5
t2 < 0.
Hence we have α3 < 0 < α4. Next, since f (t, t + 1) = u2 > 0, we know that
α1 < t + 1 < α2 or α3 < t + 1 < α4.
Suppose α1 < t + 1< α2. Then t + 1< 0 < t + 2, so
f X (t, t + 1) = −
(
t4 + 7t3 + 18t2 + 20t + 5)= −(t + 1)(t + 2)3 + 3> 0.
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3(t + 1) < β1 + β2 + β3 < β1 + β2 + β3 + β4 = −4
5
t2
which leads to an impossible inequality 4t2 + 15t + 15 < 0. Hence we obtain also α3 < t + 1 < α4. 
The proposition says that for any (t,u) ∈ Eirr(Q), all the inﬁnite primes of Kt are unramiﬁed for
Kt(
√
θt(θt − t − 1) ). To establish Theorem 1, we have to consider the prime factors of 2. Recall that
the Mordell–Weil group E(Q) is the free group of rank 1 generated by P = (−1,1).
Lemma 1. Let n be an odd integer and (t,u) = [n]P . Then the both of the numerator and denominator of t are
odd, moreover t ≡ 3 (mod 4).
Proof. Let (t,u) and (t′,u′) be rational points with the relation
(t′,u′) = (t,u) ± [2]P = (t,u) +
(
−3
4
,∓11
8
)
.
The addition formula gives for (t,u) = ±[2]P ,
t′ = ±44u − 12t
2 + 49t + 104
(4t + 3)2 .
If the numerator and denominator of t are odd, then so are those of u and thus t′ ≡ t (mod 4). Hence
the lemma is shown by induction. 
Let (t,u) be a rational point not belonging to [2]E(Q). It follows from the above lemma that
f (t, X) ≡ X5 + X4 + X2 + X + 1 (mod 2),
which is irreducible over F2, consequently (t,u) ∈ Eirr(Q). Moreover, 2 remains prime in Kt and θt is
a 2-adic unit. Thus Kt(
√
θt(θt − t − 1) )/Kt is unramiﬁed at 2 because
v2
(
θt(θt − t − 1)
)= 0 and θt(θt − t − 1) ≡ θ2t (mod 4),
by Lemma 1. This completes the proof of Theorem 1.
3. Inﬁniteness
In this section we shall use the arithmetic of the elliptic curve E and the Chebotarev density
theorem to prove Theorem 2.
Let p be a prime not dividing the discriminant −368 = −24 · 23 of E/Q, that is, p = 2,23. Then
E has good reduction at p. We denote by mp the order of the reduced point P¯ = (−1,1) in E(Fp). If
0 = n ≡ 0 (mod mp), then p divides the denominator of t , where [n]P = (t,u). As seen in the proof
of Proposition 1, any prime factor of the denominator of a rational number t splits completely in Kt .
Thus the following lemma has been shown.
Lemma 2. Let p be a prime other than 2 and 23. If n ≡ 0 (modmp) and (t,u) = [n]P ∈ Eirr(Q), then p splits
completely in Kt .
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denominator of t , where (t,u) = [m]P . For example, we carry on duplication from P = (−1,1) as
[2]P =
(
− 3
22
,−11
23
)
,
[4]P =
(
− 2287
24 · 112 ,
17 · 59 · 61
26 · 113
)
,
[8]P =
(
3 · 71163347 · 12553
26 · 112 · 172 · 592 · 612 ,−
56999696095681 · 7729343
29 · 113 · 173 · 593 · 613
)
to obtain
m11 = 4, m17 =m59 =m61 = 8.
Now suppose n is an integer such that n ≡ 3 (mod 8), and p = 11,17,59 or 61. Since n−3 is divisible
by mp , one has [n − 3] P¯ = O¯ on E(Fp). Thus the two points [n]P = (t,u) and [3]P = (87,835) on
E(Q) reduce to a same point on E(Fp), so that t ≡ 87 (mod p). Here, let us consider the case p = 59.
Then we have t ≡ 28 (mod 59) and a factorization
f (t, X) ≡ (X − 10)(X − 26)(X − 35)(X − 41)(X − 48) (mod 59),
which shows that 59 splits into ﬁve distinct prime ideals in Kt . Select from them a prime ideal p
satisfying θt ≡ 26 (mod p) in particular. Since p has degree 1, we compute
(
θt(θt − t − 1)
p
)
=
(
26(26− 28− 1)
59
)
=
(
40
59
)
= −1,
where ( ) is the quadratic residue symbol. This implies that θt(θt − t − 1) cannot be square in K×t .
Hence we have the following lemma.
Lemma 3. If n ≡ 3 (mod 8) and (t,u) = [n]P , then θt(θt − t − 1) /∈ K×2t .
Since [−3]P = (87,−835), the congruence n ≡ 5 (mod 8) can be utilized as a suﬃcient condition
for the property θt(θt − t − 1) /∈ K×2t . Further, one may take another congruence, for example, n ≡ 2
(mod 27), n ≡ 3 (mod 11), or n ≡ 4 (mod 19), according to m157 = 27, m19 = 11, or m47 = 19, re-
spectively. But we have chosen a congruence of 2-power modulus which is required in the following
discussion.
We are now ready to prove Theorem 2. Let {K (1), . . . , K (r)} be any given ﬁnite set of quintic cyclic
ﬁelds. We shall show that there exists a rational point (t,u) /∈ [2]E(Q) such that
θt(θt − t − 1) /∈ K×2t and Kt /∈
{
K (1), . . . , K (r)
}
.
Denote by δ(S) the density of a set S of primes. Let A be the set of all primes p such that T 3 +5T 2 +
10T + 7 modulo p is irreducible over Fp . Then, by the Chebotarev density theorem,
δ(A) = 1
3
.
The set Bi of primes which are inert in K (i) has density
δ(Bi) = 4 .5
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δ(A ∩ Bi) = δ(A) + δ(Bi) − δ(A ∪ Bi) 13 +
4
5
− 1 = 2
15
> 0.
It follows that there exists a prime pi ∈ A ∩ Bi − {2,23} for each i = 1, . . . , r. The irreducibility of
T 3 + 5T 2 + 10T + 7 over Fpi implies that E(Fpi ) has no non-trivial 2-torsion points, in particular, mpi
must be odd. Then one can ﬁnd an odd integer n satisfying
n ≡ 3 (mod 8), n ≡ 0 (modmpi ) (i = 1, . . . , r).
Let (t,u) = [n]P . Then θt(θt − t − 1) /∈ K×2t from Lemma 3, while pi splits completely in Kt from
Lemma 2. Since pi remains prime in K (i) , we conclude Kt = K (i) for all i, which completes the proof
of Theorem 2.
Acknowledgments
The author wishes to thank Kazuo Matsuno for useful conversations and Masato Kuwata for the
information on elliptic surfaces.
References
[1] T. Azuhata, H. Ichimura, On the divisibility problem of the class numbers of algebraic number ﬁelds, J. Fac. Sci. Univ.
Tokyo 30 (1984) 579–585.
[2] J.E. Cremona, Algorithms for Modular Elliptic Curves, 2nd ed., Cambridge Univ. Press, 1997.
[3] H. Darmon, Note on a polynomial of Emma Lehmer, Math. Comp. 56 (1991) 795–800.
[4] I. Gaál, M. Pohst, Power integral bases in a parametric family of totally real cyclic quintics, Math. Comp. 66 (1997) 1689–
1696.
[5] S. Jeannin, Nombre de classes et unités des corps de nombres cycliques quintiques d’E. Lehmer, J. Théor. Nombres Bor-
deaux 8 (1996) 75–92.
[6] E. Lehmer, Connection between Gaussian periods and cyclic units, Math. Comp. 50 (1988) 535–541.
[7] J.M. Masley, Class numbers of real cyclic number ﬁelds with small conductor, Compos. Math. 37 (1978) 297–319.
[8] T. Nagell, Über die Klassenzahl imaginär-quadratischer Zahlkörper, Abh. Math. Sem. Univ. Hamburg 1 (1922) 140–150.
[9] S. Nakano, On ideal class groups of algebraic number ﬁelds, J. Reine Angew. Math. 358 (1985) 61–75.
[10] A.M. Pacelli, Abelian subgroups of any order in class groups of global function ﬁelds, J. Number Theory 106 (2004) 26–49.
[11] R. Schoof, L.C. Washington, Quintic polynomials and real cyclotomic ﬁelds with large class numbers, Math. Comp. 50 (1988)
543–556.
[12] B.K. Spearman, K.S. Williams, Normal integral bases for Emma Lehmer’s parametric family of cyclic quintics, J. Théor.
Nombres Bordeaux 16 (2004) 215–220.
[13] K. Uchida, Class numbers of cubic cyclic ﬁelds, J. Math. Soc. Japan 26 (1974) 447–453.
[14] L.C. Washington, Introduction to Cyclotomic Fields, 2nd ed., Grad. Texts in Math., vol. 83, Springer-Verlag, 1997.
[15] P.J. Weinberger, Real quadratic ﬁelds with class numbers divisible by n, J. Number Theory 5 (1973) 237–241.
[16] Y. Yamamoto, On unramiﬁed Galois extensions of quadratic number ﬁelds, Osaka J. Math. 7 (1970) 57–76.
